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Abstract. In this paper we prove new cases of the asymptotic Fermat equa-
tion with coefficients. This is done by solving remarkable S-units equations and
applying a method of Frey-Mazur.
Introduction
Let a, b, c be non-zero integers and let p be prime. The equation
axp + byp + czp = 0 (1)
is known as the pth Fermat equation with coefficients (a, b, c). Let Fp/Q denote the
projective curve attached to (1) and let ιp : Fp −֒→ P2Q denote the canonical closed
embedding so that Fp(Q) ⊂ P2Q(Q).
The set Fp(Q) is finite if p ≥ 5; this is a consequence of Faltings’ theorem, [3].
Cases p = 2, 3 need to be considered separately since they produce genus 0, 1 curves,
respectively. One can say more assuming Frey −Mazur conjecture.
Conjecture. The set
AFa,b,c :=
⋃
p≥5
Fp(Q)
is finite.
In what follows we refer to this conjecture as the Asymptotic Fermat Conjecture
with coefficients a, b, c. We will assume without loss of generality that (a, b, c) is
primitive, that is abc 6= 0 and gcd(a, b, c) = 1. If a prime q satisfies that vq(a) >
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vq(b) ≥ 1 then AFa,b,c is finite by an infinite descent argument. We shall assume
further that coefficients (a, b, c) satisfy
(F ): if a prime q divides abc, then two (and only two) of a, b or c have common
q-adic valuation.
Notice that every tern of non-zero pairwise coprime integers satisfies (F ).
The very first non-trivial evidence of this conjecture was stablished by Andrew
Wiles when proving Taniyama-Shimura conjecture for the semistable case and hence
proving case a = b = c = 1.
Theorem (Wiles, [13]).
AF1,1,1 = {[1 : 0 : −1], [1 : −1 : 0], [0 : 1 : −1]}.
Points [x : y : z] of AFa,b,c satisfying xyz = 0 are known as trivial points. The
non-zero coordinates of a trivial point divide abc, hence the set of trivial points in
AFa,b,c is finite.
Jean-Pierre Serre, Barry Mazur and Gerhard Frey had previously stablished some
cases of the conjecture, conditionally on Serre’s conjecture or T-S conjecture; both
proved now.
Theorem (Serre,[12]). Let n a non-negative integer and let q be a prime in
{3, 5, 7, 11, 13, 17, 19, 23, 29, 53, 59}.
Then
AF1,1,qn ⊆ F5(Q) ∪ F7(Q) ∪ Fq(Q) ∪ {trivial points}.
Theorem (Frey-Mazur, [5]). Let q an odd prime neither Mersenne nor Fermat, let
n be a positive integer and m a non-negative integer. Then
AF1,qn,2m is finite.
Kenneth Ribet, for the case 2 ≤ m < p, and Henri Darmon, Lo¨ıc Merel, for the
case m = 1 studied equation Xp + Y p + 2mZp = 0. In particular they proved that
Theorem (Ribet [11], Darmon-Merel, [2]).
AF1,1,2m = {[1 : −1 : 0]} ∪ {[2r : 2r : −1] | m = rq + 1 for some prime q ≥ 5}.
For a non-zero integer N let rad(N) denote the greatest square-free divisor of
N . Let P denote the set of prime numbers. We can and will identify the image of
rad : Z \ {0} → N with the set of finite subsets of P. In particular the radical of ±1
corresponds to the empty set under that identification.
Alain Kraus gave effective bounds related to the Asymptotic Fermat conjecture
and proved the following.
Theorem (Kraus, [7]). Let (a, b, c) non-zero pairwise coprime integers such that
rad(abc) = 2q for a prime q not being Mersenne or Fermat. Let α = v2(abc) then
there is an explicit constant F = F (q, α) such that
AFa,b,c = {trivial points} ∪
⋃
5≤p<F
Fp(Q).
Remark. Case (a, b, c) = (1, 1, 2αqβ) is not explicitly stated in Kraus’ paper. Nonethe-
less it is equivalent to (1, 2α, qβ).
3Related to this conjecture Nuno Freitas, Emmanuel Halberstadt and Alain Kraus,
have recently developed the so-called symplectic method to solve Fermat equations
in a positive density of exponents p, see [4] or [6]. Our approach follows similar
strategies as in [7] and relies strongly on modularity, see [1] chapter 15 for an expo-
sition of the modular method written by Samir Siksek and Theorem 15.5.3 therein
for an improvement of Serre’s Theorem.
Let (a, b, c) be a primitive tern of non-zero integers satisfying (F ). Without loss
of generality assume also a odd. In this paper we solve new S-unit equations and
we deduce results as the following. See section 4 for more general statements.
Theorem 1. (a) If rad(abc) is a product of primes all in the class of 1 (mod 12)
then
axp + byp + czp = 0
has no solutions other than xyz = 0 for p great enough.
(b) If rad(abc) is a product of primes all in the class of 1 (mod 12) and r ≥ 2 then
axp + byp + 2rczp = 0
has no solutions other than xyz = 0 for p great enough.
Theorem 2. If rad(abc) is a product of primes all in the class of 1 (mod 3) then
axp + byp + 16czp = 0
has no solutions other than xyz = 0 for p great enough.
Theorem 3. Let q1, q2 be primes such that q1 ≡ 3 (mod 8), q2 ≡ 5 (mod 8) and
q1q2 ≡ −1 (mod 3). If rad(abc) = q1q2 then,
axp + byp + czp = 0
has no solution other than xyz = 0 for p great enough.
1. S-unit equations
Let S be a finite set of primes. We identify S with its product in Z. Let a, b, c be
non-zero pairwise coprime integers and consider the projective line L : aX + bY +
cZ = 0 attached to it. The set
L(Q) = {[x : y : z] ∈ P2(Q) : L(x, y, z) = 0}
of rational points of L is infinite. For a point P ∈ L(Q) let (x, y, z) ∈ Z3 be a
primitive representative of P , that is gcd(x, y, z) = 1. We say that P is a proper
point of L with respect to S, or simply proper, if rad(xyz) = S, xyz 6= 0 and
ax, by, cz are pairwise coprime.
Theorem 1.1 (Siegel-Mahler). Let a, b, c non-zero pairwise coprime integers and let
S be a finite set of prime numbers. The set of proper points of the S-unit equation
aX + bY + cZ
is finite.
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Proof (Lang, [8]). Points of the S-unit equation correspond to points of the affine
curve C : aX + bY + c = 0 with values in
Γ = Z[1/N ]× < Q×, N =
∏
p∈S
p.
The set S together with −1 generate the abelian group Γ, hence Γ/Γ5 is finite.
If C has infinitely many points with coefficients in Γ, then infinitely many points
{(xi, yi)}i≥1 coincide mod Γ5. Thus the curve ax1X5 + by1Y 5 + c = 0 has infinitely
many rational points and it has genus 6 since ax1by1c 6= 0. This contradicts Faltings
theorem. 
In order to apply Frey-Mazur method to solve AF conjecture one has to deal with
S-unit equations
2rX + Y + Z. (2)
for some r and S. We provide below a list of sets S and r at which equation 2 has
no proper points.
1.1. Two odd primes. Let q, ℓ be odd primes. We split the problem of finding
proper points of the 2qℓ-unit equation X + Y + Z in 3 cases.
T1ε: 2
r = qsℓt − ε,
T2ε,ε′: 2
r + εqs + ε′ℓt = 0,
T3ε: 2
rqs = ℓt + ε.
T3’ε: 2
rℓt = qs + ε.
for units ε, ε′ and positive integers r, s, t ≥ 1 integers.
Theorem 1.2. Let ℓ, q be odd primes and assume that
2rqs = ℓ2t − 1
for some positive integers r, s, t. Then the equation above is one of the following.
233 = 52 − 1,
243 = 72 − 1,
245 = 34 − 1
Proof. Since ℓt− 1 and ℓt + 1 are consecutive even numbers then (ℓt− 1, ℓt+1) = 2
and r ≥ 2. Notice also that ℓt ≥ 3.
By unique factorization in Z either{
2 = ℓt + ε
2r−1qs = ℓt − ε.
or {
2r−1 = ℓt + ε
2qs = ℓt − ε.
for some unit ε. First case is not possible since s > 0, q odd.
For the second case we have that r ≥ 2 since ℓt+ε ≥ 2. Case r = 2 is not possible
since ℓt + ε = 2 implies s = 0. Case r = 3 corresponds to 233 = 52 − 1.
5Assume r ≥ 4, 2r−1 = ℓt + ε. By Miha˘ilescu’s Theorem [9] then t = 1 and
ℓ = 2r−1 − ε and 2qs = 2r−1 − 2ε. Then
ℓ = 2r−1 − ε
q = 2r−2 − ε.
are primes. This implies (ℓ, q) ∈ {(5, 3), (7, 3)}. 
Remarks 1.3. (1) Following the notation above it is easy to see that either
ℓ = 3 or 3 | ℓ2 − 1 and q = 3.
(2) Equation 2rqs = ℓ2t+1 has only solution for r = 1. Also since Z[i] is a UFD
then q splits, that is q ≡ 1 (mod 4). Also t must be a power of 2.
(3) Equation 2rqs = ℓ − ε has many solutions. For instance take qs being non-
Sierpin´ski, then 2rqs + 1 is prime for some r.
Theorem 1.4. Let ε a unit and let q, ℓ be odd primes such that 2rqs = ℓ2t−1− ε for
some positive integers r, s, t. Then ℓ = 2rqm + ε for some 0 ≤ m ≤ s.
Proof. Let g2t−1(X) =
∑
2k−2
i=0 X
i. Then 2rqs = (ℓ − ε)g2t−1(εℓ) and the greatest
common divisor
(ℓ− ε, g2t−1(εℓ)) = (ℓ− ε, g2t−1(1)) = (ℓ− ε, 2k − 1).
is odd. Hence 2r | ℓ− ε. 
Remark 1.5. Following the notation of the theorem, if m = 0 then one can prove
that 2t−1 is a prime dividing q−1. Similarly one can also prove that if 2r+ε = qsℓt
then the number of primes dividing r is bounded.
Theorem 1.6. Let q, ℓ be primes. Assume one of the following:
(1) q ≡ 3 (mod 8), ℓ ≡ 5 (mod 8) and q 6≡ ℓ (mod 3), q 6= 3.
(2) q ≡ 11 (mod 24), ℓ ≡ 5 (mod 24) and (q
ℓ
)
= −1.
(3) q ≡ ±3 (mod 8), ℓ ≡ −1 (mod 24), ℓ 6≡ −1 (mod q) and ℓ is not Mersenne.
Let S be 2qℓ or qℓ. The S-unit equation
16X + Y + Z
has no proper points.
Proof. We will check that neither of equations T1 – T3’ have solution for positive
integers s, t, units ε, ε′ and r ≥ 4.
Notice that by hypothesis {q, ℓ} 6= {3, 5}, {3, 7}, {5, 3}. Previous theorems combined
with a mod 8 argument discards case T3.
(1) Assume that 2r = qsℓt+ (−1)a. By a mod 8 argument we have that s ≡ t ≡
a+1 (mod 2). Hence one has (−1)s ≡ (qℓ)s+(−1)s+1 ≡ (−1)s+(−1)s+1 = 0
(mod 3).
Assume that 2r + (−1)aqs + (−1)bℓt = 0. A mod 8 argument shows that
either a, b have same parity and s, t are odd, or a, b have different parity
and s, t are even. A mod 3 argument proves that it has no solution.
Assume that 2rqs = ℓt+ε for some unit ε. The equation ℓt+ε ≡ 0 mod 8
implies ε = −1 and t even, hence previous theorems apply. T3’ follows
similarly.
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(2) Assume that 2r = qsℓt + (−1)a. As before s ≡ t ≡ a + 1 (mod 2). Hence
(−1)r ≡ (qℓ)s + (−1)s+1 ≡ 1 + (−1)s+1 (mod 3). Thus
22f+1 = q2g+1ℓ2h+1 + 1.
Let α be the inverse of 2 in Fq. Then 2 = α
2f in Fq. That is 2 is a square
mod q. Hence q ≡ ±1 (mod 8).
Assume that 2r + (−1)aqs + (−1)bℓt = 0. A mod 8 argument shows that
either a, b have same parity and s, t are odd, or a, b have different parity
and s, t are even. If a, b have same parity then 2r = q2m+1 + ℓ2n+1 and r is
even by a mod 3 argument. In particular q is a square mod ℓ. If a, b have
different parity then 2r = ±(q2m − ℓ2n) ≡ 0 (mod 3).
(3) Assume that 2r = qsℓt+(−1)a. By a mod 8 argument we have that s is even
and t, a have different parity. Hence 2r ≡ (−1)a+1 + (−1)a = 0 (mod 3).
Assume that 2r + (−1)aqs + (−1)bℓt = 0. A mod 8 argument shows that
s is even and a, b+ t+ 1 have same parity. By a mod 3 argument r, a, b+ t
have same parity.
Assume that 2rqs = ℓt + 1. Then t is odd, ℓ + 1 | 2rqs and q ∤ ℓ + 1 by
hypothesis. Hence ℓ is Mersenne. Assume that 2rqs = ℓt−1. Hence t is even
and by a mod 4 argument previous theorems apply.

Remark 1.7. Last theorem for case S = 2q1q2 can be proved unconditionally on
Catalan Conjecture.
1.2. Congruence to a sign.
Lemma 1.8 (r = 4). Let S = q1 · · · qs be a square-free positive integer with primes
qi ≡ 1 (mod 3) for every i ∈ {1, . . . , s}. The S-unit equation
16X + Y + Z
has no points.
Proof. Assume that it has a proper point (x, y, z) and let εx, εy, εz denote the signs
of x, y and z, respectively. Then
0 = 16x+ y + z ≡ εx + εy + εz (mod 3).
Hence (εx, εy, εz) = ±(1, 1, 1). 
Lemma 1.9 (r = 4). Let n be a positive integer not dividing 7, 32 nor 24 and let
S be a finite set of primes congruent to ±1 (mod n). Then the S-unit equation
16X + Y + Z has no proper points.
Proof. Let (x, y, z) be a proper point then x, y, z ≡ ±1 (mod n). Thus 0 = 16x+y+z
and 16x+y+z is congruent to ±14,±16 or ±18 (mod n), hence n | 14, 16 or 18. 
Lemma 1.10 (r ≥ 2). Let n be an odd integer greater than 2. Let S be a finite set
of primes congruent to 1 (mod 4n). Then the 2S-unit equation
2X + Y + Z
has no proper points.
7Proof. Let (x, y, z) a proper point. Then
x = (−1)a2rx′
y = (−1)by′
z = (−1)cz′
with x′, y′, z′, r positive integers with rad(x′y′z′) = S and a, b, c ∈ Z/2Z. We have
that
0 = 2x+ y + z ≡ 21+r(−1)a + (−1)b + (−1)c (mod n).
Since n ∤ 22+r then b, c have the same parity and
x′21+r = y′ + z′.
Since y′ and z′ are product of primes congruent to 1 (mod 4) then
0 ≡ y′ + z′ ≡ 2 (mod 4).

2. Frey curves
Definition 2.1. Let E be a rational elliptic curve. We say that E is a Frey curve
if E admits a Weierstrass model with
EA,B : Y
2 = X(X − A)(X +B)
for some coprime integers A, B such that
A ≡ −1 (mod 4), 2 | B. (3)
Kraus gives in [7] a recipe for computing conductor of Frey curves. In particular
E has conductor 2rN for some r ∈ {0, 1, 3, 5} and N the greatest odd square-free
integer dividing AB(A+B). The reciprocal is also true.
Lemma 2.2. Let r ∈ {0, 1, 3, 5} and N an odd square-free integer. Let E be a
rational elliptic curve of conductor 2rN with full rational 2-torsion group. Then
there are coprime integers A,B satisfying (3) such that E admits a Weierstrass
equation EA,B.
Proof. One can assume E : Y 2 = X(X−A)(X+B) for some integers A,B, v2(A) <
v2(B) and d = gcd(A,B) square-free. If an odd prime p divides d then the equation
is minimal over p and E has additive reduction, p2 ‖ N . Hence d ∈ {1, 2}. If
d = 2 then E is a quadratic twist of a Frey curve by Gal(Q(
√
2)/Q). Thus r = 6.
So, A,B are coprime and v2(A) = 0, n := v2(B) ≥ 1. If n = 1 then either
A ≡ −1 (mod 4) and EA,B is a Frey model of E or A + B ≡ −1 (mod 4) and
EA+B,−B : Y
2 = (X −B)(X − A− B)X is a Frey model of E.
If n ≥ 2 and A ≡ −1 then EA,B is a Frey model so assume that A ≡ 1 (mod 4).
Then the curve EA,B is a quadratic twist of E−A,−B by Gal(Q(i)/Q). Since E−A,−B
is a Frey curve with conductor exponent r < 4 then EA,B has conductor exponent
r = 4 over Q2. 
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3. Frey-Kraus-Mazur method
Let (a, b, c) a primitive tern of non-zero integers satisfying condition (F ), a odd.
Assume that AF Conjecture does not hold for coefficients a, b, c with a, b, c nonzero
integers satisfying condition (F ). Then there is an infinite set of primes I ⊂ P such
that Fp(Q) contains non trivial points for every p in I. We assume without loss of
generality that I contains only primes not dividing 2 · 3 · 5 · 7abc and strictly greater
than max{vp(abc) + 8 : p | abc}. For every p ∈ I let Qp be a non-trivial point of
Fp(Q), say Qp = [x : y : z] with x, y, z ∈ Z. Then
axp + byp + czp = 0.
and xyz 6= 0 and gcd(x, y, z) = 1.
One can attach to (x, y, z) a rational elliptic EQp curve with full rational 2-torsion
group and bounded conductor. By assumption a is odd. For a non-zero integer N
let rad′(N) denote the radical of the prime-to-2 part of N .
Lemma 3.1. Following the notation and assuming above discussion there is a ra-
tional elliptic curve EQp with full rational two-torsion group chosen so that
• If 2 | b, c then EQp[p] has conductor 2rad′(abc).
Without loss of generality assume b odd and let v2(c) = n.
• If n = 4 then EQp[p] has conductor rad′(abc).
• If n = 0 then EQp[p] has conductor 2rad′(abc).
• If n ≥ 5 or z even then EQp [p] has conductor 2rad′(abc).
• If z is odd and n ∈ {2, 3} then EQp[p] has conductor 23rad′(abc).
• If z is odd and n = 1 then EQp[p] has conductor 25rad′(abc).
Proof. If (a, b, c) are pairwise coprime it follows by Frey, also see Kraus [7]. Let
Ta = gcd(b, c), Tb = gcd(a, c), Tc = gcd(a, b). Then
a = a′TbTc
b = b′TaTc
c = c′TaTb
Ta, Tb, Tc, a
′, b′, c′ pairwise coprime by (F ). Also, Ta | xp, Tb | yp, Tc | zp and
a′xp/Ta + b
′yp/Tb + c
′zp/Tc = 0.
There is a sign ε ∈ {±1} such that (A,B,C) = ε(a′xp/Ta, b′yp/Tb, c′zp/Tc) satisfies
A ≡ −1 (mod 4),
B ≡ 0 (mod 2).
up to permutation of (A,B,C); let EQp be the rational elliptic curve
EQp : Y
2 = X(X −A)(X +B)
with the corresponding permutation and choice of ε. Integers A,B,C are pairwise
coprime, thus EQp is semistable except possibly over Q2. Also if ℓ | rad′(ABC) then
p ∤ vℓ(ABC) if and only if ℓ | abc. Hence the prime-to-2 conductor of EQp[p] is
rad′(abc). For the conductor exponent over Q2 either TaTbTc is odd and one follows
9as in the classical case or TaTbTc is even and Weierstrass model EQp is not minimal.
Hence,
v2(∆
min) = 2v2(ABC)− 8 = 2v2(xp/Ta)− 8
= 2p · v2(x)− 2v2(Ta)− 8 = 2p · v2(x)− v2(abc)− 8
≡ −v2(abc)− 8 (mod p).
By hypothesis p > v2(abc) + 8 thus EQp[p] has conductor 2rad
′(abc). 
Remark 3.2. • By construction EQp[p] has conductor N with rad′(abc) | N |
25rad′(abc) as a representation of Gal(Q¯/Q).
• Let N = cond(EQp[p]). Kraus gives in The´ore`me 4, [7] a bound H(N) so
that if p > H(N), and Qp exists then there is a rational elliptic curve E of
conductor N with full rational two-torsion group and E[p] ≃ EQp[p].
• One can deduces similar effective bounds as in [7], even when (a, b, c) are not
pairwise coprime but satisfy (F ).
As a consequence we give a generalization of The´ore`me 1 in [7]. That is, previous
discussion together with The´ore`me 4 in [7] and Lemma 2.2 proves the following. So
assume that (a, b, c) is a primitive tern of non-zero integers satisfying (F ), a odd.
Theorem 3.3 (2-good). Assume that b is odd and v2(c) = 4. Let S = rad
′(abc). If
the S-unit equation
16X + Y + Z
has no proper points then AFa,b,c is finite.
Theorem 3.4 (2-node). Assume one of the following
(1) bc is odd,
(2) b is odd and v2(c) ≥ 5, or
(3) v2(b) = v2(c) ≥ 2.
Let S = 2rad′(abc). If the S-unit equation
16X + Y + Z
has no proper points then AFa,b,c is finite.
Theorem 3.5. Assume that b is odd and v2(c) ∈ {2, 3} and let S = rad′(abc). If
the S-unit equations
8X + Y + Z
4X + Y + Z
have no proper points then either AFa,b,c is finite or AFa,b,c has infinitely many
primitive points [2x : y : z] with x, y, z ∈ Z in which case the 2S-unit equation
16X + Y + Z
has proper points.
Theorem 3.6. Assume that 2 ‖ abc and let S = rad′(abc). If the S-unit equation
2X + Y + Z
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has no proper points then either AFa,b,c is finite or AFa,b,c has infinitely many prim-
itive points [2x : y : z] with x, y, z ∈ Z, in which case the 2S-unit equation
16X + Y + Z
has proper points.
4. proofs
In this section we prove some cases of Asymptotic Fermat with coefficients. Let
(a, b, c) a tern of non-zero integers satisfying (F ), a odd.
Theorem 4.1. Let S = q1 · · · qs be a square-free positive integer with primes qi ≡ 1
(mod 3) for every i ∈ {1, . . . , s}. Assume that rad(abc) = S. Then the Fermat
equation
axp + byp + 16czp = 0
has no solutions other than xyz = 0 for p great enough.
Proof. The tern (a, b, 16c) is primitive and satisfies condition (F ). If p is big enough
then by Theorem 3.3 the S-unit equation 16X + Y + Z has proper points. This is
not possible by Lemma 1.8. 
Theorem 4.2. Let n a positive integer not dividing 7, 9, 16 and let S = q1 · · · qs be
a square-free positive integer with primes qi ≡ ±1 (mod n) for every i ∈ {1, . . . , s}.
Assume rad(abc) = S. Then the Fermat equation
axp + byp + 16czp = 0
has no solutions other than xyz = 0 for p great enough.
Proof. Similarly as previous theorem, it follows by Lemma 1.9. 
Theorem 4.3. Let n be an odd integer greater than 2. Let S = q1 · · · qs be a square-
free positive integer with primes qi ≡ 1 (mod 4n) for every i{1, . . . , s}. Assume that
either rad(abc) = S or rad(abc) = 2S and v2(abc) ≥ 2. Then the Fermat equation
axp + byp + czp = 0
has no solutions other than xyz = 0 for p great enough.
Proof. Case rad(abc) = S follows from Theorem 3.4 and Lemma 1.10. If v2(abc) ≥ 2
then either b and c are even or b is odd and m = v2(c) ≥ 2. The first case follows by
Theorem 3.4 and Lemma 1.10. The second case follows by Theorem 3.4 for n ≥ 4
and by Theorem 3.5 for 2 ≤ n ≤ 3}. 
Theorem 4.4. Let q, ℓ be primes. Assume one of the following:
(1) q ≡ 3 (mod 8), ℓ ≡ 5 (mod 8) and q 6≡ ℓ (mod 3), q 6= 3.
(2) q ≡ 11 (mod 24), ℓ ≡ 5 (mod 24) and (q
ℓ
)
= −1.
(3) q ≡ ±3 (mod 8), ℓ ≡ −1 (mod 24), ℓ 6≡ −1 (mod q) and ℓ is not Mersenne.
Assume that rad(abc) = q1q2. Then the Fermat equation
axp + byp + czp = 0
has no solutions other than xyz = 0 for p great enough.
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